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Abstract
We characterize the minimal and maximal operator ideals associated, in the sense of Defant and
Floret, to a wide class of tensor norms derived from a Banach sequence space. Our results are exten-
sions of classical ones about tensor norms of Saphar [Studia Math. 38 (1972) 71–100] and show the
key role played by the structure of finite-dimensional subspaces in this kind of problems.
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1. Introduction
One of the problems in the concrete theory of tensor products and operator ideals in
the class of Banach spaces is to define specific tensor norms and to study its associated
operator ideals. For this goal, p spaces play a central role in the definition of the classical
tensor norms of Grothendieck, Saphar and Lapresté, and it is quite natural to try to replace
p for a more general Banach sequence space, an idea pointed out many years ago by
De Grande-De Kimpe in [2] and by Harksen in his doctoral dissertation [5].
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of tensor norms. Probably this is due to the fact that the study of operators naturally related
to classical tensor norms is very dominated by the special properties of Lp(µ) spaces and
thus the crucial key of the problem remains hidden in this setting.
In this paper, we study tensor norms gcλ defined by a sequence space λ in the sense of
De Grande-De Kimpe [2] and Harksen [5] and also its associated operator ideals. To be
precise, the main goal of this paper is to obtain characterizations of the operators lying in
the minimal and maximal operator ideal associated to gcλ by means of suitable factorization
theorems.
Our main idea is to use the so-called “local theory” of Banach spaces, i.e., the study
of the involved problems in terms of its finite-dimensional subspaces, a tool which has so
much enriched our understanding of Banach spaces in other many aspects. Ultraproducts
and finite representability are in the heart of the local theory. The ultraproducts technique
allows us to study some operators in terms of its restrictions to finite-dimensional sub-
spaces. In the factorization theorem of classical p-integral operators of Saphar, which is
the key of the proof of many metric properties of the related tensor norms and operator
ideals, the lattice isomorphism between an ultrapower of p spaces and some Lp(µ) space
is essential. Unfortunately the structure of ultrapowers of general sequence spaces is not so
simple as in the case of p spaces and they do not have a natural and easy representation.
On the other hand, finite representability is not enough for our purposes and we shall need
a stronger notion generalizing the concept of Lp-spaces of Lindenstrauss and Pelczyn´ski
(Section 3).
The notation is standard. All the spaces considered are Banach spaces over the real field
in order to use more easily known results in the theory of Banach lattices. If we wish to
emphasize in the space E where a norm is defined we shall write ‖ · ‖E. The canonical
inclusion map of a Banach space E into the bidual E′′ will be denoted by JE. The set of
finite-dimensional subspaces of a normed space E will be denoted by FIN(E).
Concerning Banach lattices we refer the reader to [1]. We recall the more relevant defi-
nitions and properties for us. A Banach lattice E is order complete or Dedekind complete
if every order bounded set in E has a least upper bound in E, and it is order continuous
if every order convergent filter is norm convergent. Every dual Banach sequence lattice
E′ is order complete and the reflexive spaces are even order continuous. A linear map T
between Banach lattices E and F is said to be positive if T (x) 0 in F for every x ∈ E,
x  0. T is called order bounded if T (A) is order bounded in F for every order bounded
set A in E.
Let ω be the vector space of all scalar sequences and ϕ its subspace of the sequences
with finitely many nonzero coordinates. A sequence space λ is a linear subspace of ω
containing ϕ provided with a topology finer than the topology of coordinatewise conver-
gence. A Banach sequence space will be a sequence space λ provided with a norm which
makes it a Banach lattice and an ideal in ω, i.e., such that if |x|  |y| with x ∈ ω and
y ∈ λ, then x ∈ λ and ‖x‖λ  ‖y‖λ. A sectional subspace Sk(λ), k ∈N, is the topological
subspace of λ of those sequences (αi) such that αi = 0 for every i  k. Clearly Sk(λ) is
1-complemented in λ.
The Köthe dual (or α-dual) λ× of a sequence space λ is defined as the set of scalar
sequences (bi) such that
∑∞
i=1 |aibi | converges for every (ai) ∈ λ. In general, if λ
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dual λ′.
A Banach sequence space λ will be called regular whenever the sequence {ei}∞i=1, where
ei := (δij ) (Kronecker’s delta) forms a Schauder basis in λ. Every Banach sequence space
λ has a solid and regular subspace λr := ϕ¯λ such that λ is regular if and only if λ = λr (see
Lemma 3.3 in [8], for example).
The paper is organized as follows. Section 2 contains the fundamental facts about the
tensor norm gcλ derived from a Banach sequence space λ and a characterization of the
minimal operator ideal associated to the dual tensor norm (gcλ)′ (the so-called λ-nuclear
operators) by means of suitable factorizations. Section 3 is technical with respect our prin-
cipal problems. It contains the main examples of certain class of Banach spaces defined by
special properties of its finite-dimensional subspaces, precisely that every one of them be
contained in a larger subspace isomorphic to finite-dimensional complemented subspaces
of a general regular Banach sequence space with controlled norms of the involved isomor-
phisms and projections. To get significant examples of these spaces we need to restrict
our consideration to the class (quite large) of Banach sequence spaces with the uniform
projection property defined by Pelczyn´ski and Rosenthal in [11]. Finally, Section 4 deals
with the study of the maximal operator ideal associated to the tensor norm gcλ (the ideal
of λ-integral operators). First we obtain a general sufficient condition for an operator to
be λ-integral and second a necessary condition. In the case λ has the uniform projection
property we get a complete characterization of λ-integral operators.
2. The tensor norm gcλ associated to a Banach sequence space λ
and λ-nuclear operators
We suppose the reader is familiar with the theory of operator ideals and tensor norms.
Of course, the fundamental references about these questions are the books [12] and [3] of
Pietsch and Defant and Floret, respectively. We set the notation to be used.
Given a pair of Banach spaces E and F and a tensor norm α, E ⊗α F represents the
space E ⊗F endowed with the α-normed topology. The completion of E ⊗α F is denoted
by E ⊗ˆα F , and the norm of z in E ⊗ˆα F by α(z;E ⊗ F). If there is no risk of mistake
we write α(z) instead of α(z;E ⊗ F). For technical requisites of the standard theory of
tensor norms (see Criterion 12.2 in [3]), given a Banach sequence space λ with the quoted
properties in the Introduction, from now on it will be supposed furthermore that ‖ei‖λ =
‖ei‖λ× = 1 for every i ∈N.
Given a Banach space E, a sequence (xn)∞n=1 ∈ EN is said to be strongly λ-summing
if πλ((xi)) := ‖(‖xn‖)‖λ < ∞ and it is said to be weakly λ-summing if ελ((xi)) :=
sup‖x ′‖1 ‖(|〈xn, x ′〉|)‖λ < ∞. From now on λ[E] (respectively λ(E)) will denote the
space of all strongly (respectively weakly) λ-summing sequences in E endowed with the
norm πλ(·) (respectively ελ(·)).
Let E and F be Banach spaces. For every z ∈ E ⊗F we define
gλ(z) := gλ(z;E ⊗F) := inf
{
πλ((xn))ελ×((yn))
∣∣ z = m∑xn ⊗ yn
}
.n=1
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gp of Saphar (see [13]), but in general gλ(· ;E ⊗ F) only is a reasonable quasi-norm in
E ⊗ F ; see [2] and [5]. We denote E ⊗ˆgλ F the corresponding quasi-Banach space.
Let gcλ(z;E ⊗F) be the Minkowski functional of the absolutely convex hull of the unit
closed ball Bgλ := {z ∈ E ⊗F | gλ(z) 1} of the quasi-norm gλ in E ⊗F. It is easy to see
that gcλ(z;E ⊗F) can be evaluated as
gcλ(z) := gcλ(z;E ⊗F) := inf
{
n∑
i=1
πλ((xij ))ελ×((yij ))
∣∣ z = n∑
i=1
m∑
j=1
xij ⊗ yij
}
and that gcλ is a tensor norm in the class of all Banach spaces such that
∀z ∈ E ⊗ F, gcλ(z;E ⊗F) gλ(z;E ⊗F). (1)
A suitable representation of the elements of the completed tensor products E ⊗ˆgλ F and
E ⊗ˆgcλ F is a basic tool in the study of the involved operator ideals. It is straightforward
to see (see, for instance, [2] and [13]) that if z ∈ E ⊗ˆgλ F , there are (xi)∞i=1 ∈ λr [E] and
(yi)
∞
i=1 ∈ λ×(F ) such that πλ((xi))ελ×((yi)) < ∞ and
z =
∞∑
i=1
xi ⊗ yi.
Moreover the quasi-norm of z in E ⊗ˆgλ F (again denoted by gλ(z)) is given by
gλ(z) = infπλ((xi))ελ×((yi)),
taking the infimum over all such representations of z. In the same way it can be shown that
z ∈ E ⊗ˆgcλ F can be represented as
z =
∞∑
j=1
∞∑
i=1
xij ⊗ yij , (2)
where {(xij )∞i=1 | j ∈N} ⊂ λr [E], {(yij )∞i=1 | j ∈N} ⊂ λ×(F ) and
∞∑
j=1
πλ((xij ))ελ×((yij )) < ∞. (3)
Moreover, the norm of z in E ⊗ˆgcλ F is the infimum of the numbers in (3) over all repre-
sentations of type (2).
Following the arguments of [2, Proposition 16], the bilinear onto map
R :λr [E] × λ×(F ) → E ⊗ˆgλ F
such that R((xi), (yi)) = ∑∞i=1 xi ⊗ yi is continuous with quasi-norm less than or equal
one. Then since λr [E] and λ×(F ) are normed spaces by [15] there exists a unique lin-
ear and continuous map λr [E] ⊗π λ×(F ) → E ⊗ˆgλ F . This map can be extended to a
continuous linear and onto map λr [E] ⊗ˆπ λ×(F ) → E ⊗ˆgλ F . By the open mapping the-
orem, this map is open and hence E ⊗ˆgλ F is isomorphic to a quotient of a Banach space,
then it is a Banach space. Then the topology defined by gλ in E ⊗ F is always normable,
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is easy to see that wλ(· ;E ⊗ F), gλ(· ;E ⊗ F) and gcλ(· ;E ⊗ F) are equivalent with
gcλ(· ;E⊗F)wλ(· ;E⊗F). In view of this equivalence, one is tempted to use the easier
gλ quasi-norm instead of the norm gcλ, but in the last part of the paper the gcλ norm is
necessary. In order to simplify, we do the proofs with the gλ quasi-norm when the same
methods work using gcλ with slight modifications.
Every representation of z ∈ E′ ⊗ˆgcλ F of the type (2) defines a map Tz ∈ L(E,F ) such
that ∀x ∈ E,
Tz(x) :=
∞∑
j=1
∞∑
i=1
〈x ′ij , x〉yij .
We remark that all these representations of the same z define the same map Tz. Let
ΦEF :E
′ ⊗ˆgcλ F →L(E,F ) be defined by ΦEF (z) := Tz. We set
Definition 1. Let E,F be Banach spaces. An operator T :E → F is said to be λ-nuclear if
T = ΦEF (z) for some z ∈ E′ ⊗ˆgcλ F .
Nλ(E,F ) denotes the space of the λ-nuclear operators T :E → F endowed with the
topology of the norm
Ncλ(T ) := inf
{
gcλ(z) | ΦEF (z) = T
}
or with the equivalent quasi-norm
Nλ(T ) := inf
{
gλ(z) | ΦEF (z) = T
}
.
For every pair of Banach spaces E and F , (Nλ(E,F ),Ncλ) is a component of the mini-
mal Banach operator ideal (Nλ,Ncλ) associated to the tensor norm gcλ. The spaceNλ(E,F )
coincides with the λ-nuclear operators in the sense of Dubinsky and Ramanujan introduced
previously in [4] in order to deal with a different kind of problems.
We have the following characterization of λ-nuclear operators.
Theorem 2. Let E and F be Banach spaces and let T be an operator in L(E,F ). Then
the following statements are equivalent:
(1) T is λ-nuclear.
(2) T factors continuously in the following way:
∞
E
A


B
λr

F
C

T
where B is a diagonal multiplication operator defined by a positive sequence (bi) ∈ λr .
Furthermore Nλ(T ) = inf{‖C‖‖B‖‖A‖}, taking it over all such factors.
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∞[∞]
E
A


B
1[λr ]

F
C

T
where B is a diagonal multiplication operator defined by a positive sequence (bi) ∈
1[λr ].
Furthermore Ncλ(T ) = inf{‖C‖‖B‖‖A‖}, taking it over all such factors.
Proof. (2) ⇒ (1) Assume we have a factorization T = CBA as the given one in
the diagram. Consider the transposed map A′ : (∞)′ → E′ and put x ′i := A′(ei ). Then〈A(x), ei〉 = 〈A′(ei ), x〉 = 〈x ′i , x〉 for every i ∈N and A(x)= (〈x ′i , x〉)∞i=1.
Remark that if u = (ui) such that ui = 1 for every i ∈N and B(u) = (bi)∞i=1, then B is
the multiplication operator defined by (bi)∞i=1 ∈ λr and ‖B‖ ‖(bi)‖λ.
Let C(ei ) = yi for every i ∈N. Then
∀(βi) ∈ λr ,
∥∥C((βi))∥∥F = sup‖y ′‖F ′1
∞∑
i=1
∣∣βi〈yi, y ′〉∣∣ ‖C‖∥∥(βi)∥∥λ.
We obtain that for every y ′ in the unit ball of F ′ the sequence (〈yi, y ′〉) lies in λ× and
‖(〈yi, y ′〉)‖λ×  ‖C‖. In consequence (yi) ∈ λ×(F ) and ελ×((yi)) ‖C‖. Then we have
T = ΦEF (z) with z = ∑∞i=1 bix ′i ⊗ yi ∈ E′ ⊗ˆgλ F . Hence T ∈ N (E,F ) and Nλ(T ) ‖A‖‖B‖‖C‖.
(1) ⇒ (2) Assume T is λ-nuclear. Given ε > 0, there is a representation T =∑∞i=1 x ′i ⊗
yi such that (x ′i )∞i=1 ∈ λr [E′], (yi)∞i=1 ∈ λ×(F ) and
Nλ(T )+ ε  πλ((x ′i ))ελ×((yi)).
Indeed we can suppose that ελ×((yi)) = 1 and Nλ(T )+ ε  πλ((x ′i )).
Let A :E → ∞ be such that
A(x) :=
( 〈x ′i , x〉
‖x ′i‖
)∞
i=1
which is linear and continuous with ‖A‖ 1. Let B : ∞ → λr be such that
B((λi )) :=
(
λi‖x ′i‖
)∞
i=1.
Then ∥∥B((λi ))∥∥λ  ∥∥(λi)∥∥∞∥∥(‖x ′i‖)∥∥λ = ∥∥(λi)∥∥∞πλ((x ′i ))
and hence B is linear and continuous with ‖B‖ πλ((x ′i )). Finally let C :λ → F be such
that
C((βi)) :=
∞∑
βiyi.i=1
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∥∥C((βi))∥∥= sup
‖y ′‖1
∞∑
i=1
〈βiyi, y ′〉
∥∥(βi)∥∥λελ×((yi)) = ∥∥(βi)∥∥λ
and then ‖C‖ 1. Clearly we have T = CBA and
Nλ(T )+ ε  πλ((x ′i ))ελ×((yi)) ‖A‖‖B‖‖C‖.
Since ε > 0 is arbitrary the implication is proved.
The proof of (1) ⇔ (3) is similar using the norm Ncλ. 
The following proposition provide examples of λ-nuclear operators.
Proposition 3. Let λ be a regular order complete Banach sequence space. Then every
positive operator S :L∞(µ) → λ and every positive operator S :L∞(µ) → 1[λ] are
λ-nuclear, and there is g ∈ λ (g ∈ 1[λ] in the second case) such that Nλ(S)  ‖g‖λ
(respectively Ncλ(S) ‖g‖λ).
Proof. We only will do the proof if S :L∞(µ) → λ is a positive operator. Since λ is an
order complete Banach lattice there is g ∈ λ such that
g = sup
‖f ‖L∞(µ)1
S(f ).
We define A :L∞(µ) → ∞ such that
∀h ∈ L∞(µ),
〈
A(h), ei
〉 := 〈S(h), ei〉〈g, ei 〉
if 〈g, ei〉 = 0 and 〈A(h), ei〉 := 0 otherwise. We define also the diagonal operator Dg :
∞ → λ such that
∀(ai) ∈ ∞, Dg((ai)) =
(
ai〈g, ei〉
)
.
It is easy to see that A and Dg are linear and continuous with ‖A‖ 1 and ‖Dg‖ ‖g‖λ ,
and that S = DgA. By Theorem 2, S is λ-nuclear with Nλ(S) ‖g‖λ‖A‖ ‖g‖λ . 
3. Quasi-Lλ-spaces and ultrapowers
To get our most deep results the structure of finite-dimensional subspaces of the in-
volved Banach sequence spaces λ and so its behavior under ultraproducts will be crucial.
Concerning to ultraproducts of Banach spaces the standard reference is [7] and we refer to
it for concrete definitions. We only set the notation we will use.
Let D be a nonempty index set and U a nontrivial ultrafilter in D. Given a family
{Xd, d ∈ D} of Banach spaces, (Xd)U denotes the corresponding ultraproduct Banach
space. If every Xd , d ∈ D, coincides with a fixed Banach space X the corresponding ul-
traproduct is named an ultrapower of X and is denoted by (X)U . Remark that if every
Xd , d ∈ D, is a Banach lattice, (Xd)U has a canonical order which makes it a Banach
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{Td ∈ L(Xd,Yd), d ∈ D} such that supd∈D ‖Td‖ < ∞, then (Td)U ∈ L((Xd)U , (Yd)U )
denotes the canonical ultraproduct operator.
We introduce now two classes of Banach spaces useful for us. The first one is a gener-
alization of Lp spaces of Lindenstrauss and Pelczyn´ski.
Definition 4. Let λ be a Banach sequence space. We say that a Banach space X is an Lλ
space if for every F ∈ FIN(X) and every ε > 0 there is G ∈ FIN(X) containing F such
that d(G,Sdim(G)(λ)) 1 + ε.
An easy example is
Proposition 5. Let λ be a regular Banach sequence space. Then λ is an Lλ space.
Proof. It is an immediate consequence of Theorem 6 in [9, §16]. 
To be an Lλ space turns out to be a very strong condition with bad stability properties
under ultraproducts. We need a weaker condition.
Definition 6. Let λ be a Banach sequence space. We say that a Banach space X is a
quasi-Lλ space if there are a > 0 and b > 0 such that for every M ∈ FIN(X) there
are M1 ∈ FIN(X) containing M and a b-complemented subspace H ⊂ λ, such that
d(M1,H) a. Moreover if X is a Banach lattice we say that it is a quasi-Lλ lattice.
Of course every Lλ space is a quasi-Lλ space. Moreover in many cases quasi-Lλ spaces
have better stability properties under ultraproducts than Lλ spaces do. For this we need
to consider Banach sequence spaces with the uniform projection property introduced by
Pelczyn´ski and Rosenthal [11].
Definition 7. A Banach space X has the uniform projection property if there is a number
b > 0 such that for every k ∈ N there is m(k) ∈ N with the following property: for every
F ∈ FIN(X) with dimension k there is a b-complement subspace G ∈ FIN(X) containing
F with dimension dim(G)m(k).
The class of Banach spaces with the uniform projection property is quite large. For ex-
ample, all Lp(µ) spaces, 1 p ∞, and all Lpγ spaces of Lindenstrauss and Pelczyn´ski,
1  p ∞, 1  γ < ∞, have this property (see [11]). Moreover all reflexive Orlicz se-
quence spaces have also the uniform projection property (see remarks to Theorem 4 in
[10]). Indeed reflexive modular sequence spaces have the uniform projection property since
they can be embedded as complemented subspaces of reflexive Orlicz sequence spaces
(same remark in [10]) and we can make a composition of projections. Moreover from
[7, Theorem 9.4], if E has the uniform projection property, then Lp(µ,E), 1  p ∞,
has the same property with the same projection norm than E. In particular if the Banach
sequence space λ satisfies the uniform projection property, 1[λ] does.
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Then every ultrapower (λ)U is a quasi-Lλ lattice.
Proof. We denote by D the index set of U . Let M be an n-dimensional subspace of (λ)U .
It is known, see, for example, [6, Lemma 4.1 and Proposition 4.2], that M = (Md)U ,
where every Md , d ∈ D, is an n-dimensional subspace of λ. From the hypothesis, there
are a positive constant b, a natural number m(n), a family of b-complemented subspaces
{Yd, d ∈ D} in λ such that Md ⊂ Yd with respective family of projections denoted
{Pd, d ∈ D} such that ‖Pd‖  b and dim(Yd)  m(n) for every d ∈ D. Let P = (Pd)U
which is a projection of (λ)U onto a k-dimensional subspace Y of (λ)U such that M ⊂ Y ,
with ‖P‖ b and k m(n).
For every d ∈ D, let {zid , i = 1, . . . ,m(n)} be an Auerbach basis in an m(n)-dimen-
sional subspace Wd of λ containing Yd , i.e., ‖∑ni=1 cizid‖  maxi=1,...,m(n) |ci |. Then for
every x = (xd)U ∈ (λ)U , if
Pd(xd) =
n∑
i=1
aidz
i
d
for some scalars aid such that |aid | b|x|. Then
P(x) =
(
n∑
i=1
aidz
i
d
)
U
=
n∑
i=1
ai
(
zid
)
,
where ai = limU aid , i = 1, . . . ,m(n). We denote by W the subspace of (λ)U generated for
{(zid)U , i = 1, . . . ,m(n)}. It is clear that W = (Wd)U .
Also from [6, Lemma 4.1 and Proposition 4.2], using the basis {(zid)U , i = 1, . . . ,m(n)}
of W , given ε > 0 there is d0 ∈ D such that for every x = (xd)U ,
(1 − ε)‖x‖ ‖xd0‖ (1 + ε)‖x‖.
We denote Cd0 :W → Wd0 :Cd0((xd)U ) = xd0 which is an isomorphism satisfying ‖Cd0‖
1 + ε and ‖C−1d0 ‖ 1/(1 − ε). Then (Cd0)|Y is an isomorphism from Y onto Yd0 such that
‖(Cd0)|Y ‖‖((Cd0)|Y )−1‖ (1 + ε)/(1 − ε). 
4. λ-integral operators
The normed ideal of λ-integral operators (Iλ, Iλ) is the maximal operator ideal associ-
ated to the tensor norm gcλ in the sense of Defant and Floret [3], which coincides with the
maximal normed operator ideal associated to the normed ideal of λ-nuclear operators in
the sense of Pietsch [12]. From [3], for every pair of Banach spaces E and F , an operator
T :E → F is λ-integral if and only if JF T ∈ (E ⊗(gcλ)′ F ′)′.
Given Banach spaces E,F we define the finitely generated tensor norm g′λ such that if
M ∈ FIN(E) and N ∈ FIN(F ), for every z ∈ M ⊗ N,
g′λ(z;M ⊗N) := sup
{∣∣〈z,w〉∣∣ | gλ(w;M ′ ⊗ N ′) 1}.
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M ′ ⊗gλ N ′. But we remark that E′ ⊗gcλ F ′ (and not E′ ⊗gλ F ′ ) is an isometric subspace of
(E ⊗g′λ F )′ because gcλ is finitely generated, see [3, 15.3].
In this case we define Iλ(T ) to be the norm of JF T considered as an element of the
topological dual of the Banach space E ⊗g′λ F ′. Remark that Iλ(T ) = Iλ(JF T ) as a conse-
quence of F ′ be canonically complemented in F ′′′.
In the search of a characterization of λ-integral operators we find the following sufficient
conditions which provides also the first nontrivial examples of λ-integral operators.
Theorem 9. Let (Ω,Σ,µ) be a measure space and let λ be a Banach sequence space
with a regular predual Banach sequence space ∆. Then every order bounded operator
S :L∞(µ) → λ and every order bounded operator S :L∞(µ) → 1[λ] are λ-integral with
Iλ(S) = ‖S‖.
Proof. We only will do the proof if S :L∞(µ) → λ is an order bounded operator be-
cause the proof of the other case is similar. By hypothesis, the linear span T of the
set {ei , i ∈ N} is dense in ∆. Then by the representation theorem of maximal operator
ideals (see [3, 17.5]) and the density lemma [3, Theorem 13.4] we only have to see that
S ∈ (L∞(µ)⊗g′λ T )′.
Given z ∈ L∞(µ) ⊗g′λ T and ε > 0, let X and Y be finite-dimensional subspaces of
L∞(µ) and T , respectively, such that z ∈ X ⊗ Y and
g′λ(z;X ⊗ Y ) g′λ
(
z;L∞(µ)⊗ T
)+ ε. (4)
Let {gs}ms=1 be a basis for Y and let k ∈N be such that
∀1 s m, gs =
k∑
i=1
csiei .
Then
∀f ∈ X, ∀1 s m,
〈S,f ⊗ gs〉 =
〈
f,S′(gs)
〉=
〈
f,
(
k∑
i=1
csi
)
S′(ei )
〉
=
〈
f ⊗
k∑
j=1
csjej ,
k∑
i=1
S′(ei )⊗ ei
〉
.
Then if U denotes the tensor
U :=
k∑
i=1
S′(ei )⊗ ei ∈ L∞(µ)′ ⊗ λ,
by bilinearity we get
∀z ∈ X ⊗ Y, 〈z, S〉 = 〈U,z〉.
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‖S′(ei )‖ |〈S′(ei ), fi〉| + ν. Then f := sup1ik fi lies in the closed unit ball of L∞(µ).
On the other hand, λ is a dual lattice and hence it is order complete. By the Riesz–
Kantorovich theorem (see Theorem 1.13 in [1], for instance), the modulus |S| of the
operator S exists in L(L∞(µ),λ). By the lattice properties of λ we have
πλ
(
S′(ei )
)=
∥∥∥∥∥
k∑
i=1
∥∥S′(ei )∥∥ei
∥∥∥∥∥
λ

∥∥∥∥∥
k∑
i=1
∣∣〈S′(ei ), fi 〉∣∣ei
∥∥∥∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ

∥∥∥∥∥
k∑
i=1
∣∣〈S(fi ), ei 〉∣∣ei
∥∥∥∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ

∥∥∥∥∥
k∑
i=1
〈∣∣S(fi )∣∣, ei 〉
∥∥∥∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ

∥∥∥∥∥
k∑
i=1
〈|S|(|fi |), ei 〉ei
∥∥∥∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ

∥∥∥∥∥
k∑
i=1
〈|S|(|f |), ei 〉ei
∥∥∥∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ
= ∥∥|S|(|f |)∥∥
λ
+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ

∥∥|S|∥∥+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ
.
Moreover
ελ′
(
(ei )
k
i=1
)= sup
‖(βj )‖∆1
∥∥∥∥∥
k∑
i=1
〈
ei , (βj )
〉
ei
∥∥∥∥∥
∆
=
∥∥∥∥∥
k∑
i=1
βiei
∥∥∥∥∥
∆
 1.
Hence, denoting by IX and IY the corresponding inclusion maps into L∞(µ) and λ, re-
spectively, we have∣∣〈S, z〉∣∣= ∣∣〈U,z〉∣∣= ∣∣〈U, ((IX)′ ⊗ (IY )′)(z)〉∣∣
 gcλ(U ;X ⊗ Y )g′λ
((
(IX)
′ ⊗ (IY )′
)
(z);X′ ⊗ Y ′)
 gλ(U ;X ⊗ Y )g′λ
((
(IX)
′ ⊗ (IY )′
)
(z);X′ ⊗ Y ′)

(
gλ(U ;L∞ ⊗ λ)+ ε
)
g′λ
(
z;L∞(µ)⊗ λ′
)
 g′λ
(
z;L∞(µ)⊗ λ′
)(
πλ
(
S′(ei )
)
ελ′((ei ))+ ε
)
 g′λ
(
z;L∞(µ)⊗ λ′
)(∥∥|S|∥∥+ ν
∥∥∥∥∥
k∑
i=1
ei
∥∥∥∥∥
λ
+ ε
)
and ν being arbitrary∣∣〈S, z〉∣∣ g′λ(z;L∞(µ)⊗ λ′)(∥∥|S|∥∥+ ε).
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But from [1, Theorem 1.10],
|S|(χΩ) = sup
{∣∣S(f )∣∣, |f | χΩ}
and as λ is order continuous∥∥|S|∥∥= ∥∥|S|(χΩ)∥∥= sup{∥∥∣∣S(f )∣∣∥∥, ‖f ‖ 1}= ‖S‖.
Then S is λ-integral with Iλ(S) ‖S‖. But as (Iλ, Iλ) is a Banach operators ideal, ‖S‖
Iλ(S), hence Iλ(S) = ‖S‖. 
Corollary 10. Let (Ω,Σ,µ) be a measure space and n, k ∈ N. Then every operator
T :L∞(µ) → Sk(λ) and every operator T : L∞(µ) → Sn(1)[Sk(λ)] satisfy that Iλ(T ) =
‖T ‖.
Proof. The results follows easily from Theorem 9, because every operator T :L∞(µ) →
Sk(λ) (T :L∞(µ) → Sn(1)[Sk(λ)] in the other case) is order bounded and Sk(λ) (respec-
tively Sn(1)[Sk(λ)]) is reflexive hence order continuous. 
For our next theorem we need a very deep technical result of Lindenstrauss and Tzafriri
[10] which gives us a kind of “uniform approximation” of finite-dimensional subspaces by
finite-dimensional sublattices in Banach lattices.
Lemma 11. Let ε > 0 and n ∈ N be fixed. There is a natural number h(n, ε) such that for
every Banach lattice X and every subspace F ⊂ X of dimension dim(F ) = n there are
h(n, ε) disjoints elements {zi, 1 i  h(n, ε)} and an operator A from F into the linear
span G of {zi, 1 i  h(n, ε)} such that
∀x ∈ F, ∥∥A(x)− x∥∥ ε‖x‖.
Theorem 12. Let λ be a regular Banach sequence space, G an abstract M-space, and X
a quasi-Lλ space or a quasi-L1[λ] space. Then every operator T :G → X is λ-integral
and there is a constant K > 0 such that Iλ(T )K‖T ‖.
Proof. We will prove the case where X is a quasi-Lλ space. The same technique works
“almost” word by word if X is a quasi-L1[λ] space. By the representation theorem of
maximal operator ideals (see 17.5 in [3]), we only need to show that JXT ∈ (G⊗g′λ X′)′.
Given z ∈ G ⊗ X′ and ε > 0, let M ⊂ G and N ⊂ X′ be finite-dimensional subspaces
and let z = ∑ni=1 fi ⊗ x ′i be a fixed representation of z with fi ∈ M and x ′i ∈ N , i =
1,2, . . . , n, such that
g′λ(z;G⊗ X′) g′λ(z;M ⊗ N) g′λ(z;G⊗ X′)+ ε.
By Lemma 11 we find a finite-dimensional sublattice M1 of G and an operator A :M →
M1 so that
∀f ∈ M, ∥∥A(f )− f ∥∥ ε‖f ‖.
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∣∣〈JXT , z〉∣∣=
∣∣∣∣∣
n∑
i=1
〈
T (fi), x
′
i
〉∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
〈
T (idG −A)(fi), x ′i
〉∣∣∣∣∣+
∣∣∣∣∣
n∑
i=1
〈
T A(fi), x
′
i
〉∣∣∣∣∣
 ε‖T ‖
n∑
i=1
‖fi‖‖x ′i‖ +
∣∣∣∣∣
n∑
i=1
〈
T A(fi), x
′
i
〉∣∣∣∣∣.
Put X1 := T (M1). By hypothesis X is a quasi-Lλ space and hence, there are a finite-
dimensional subspace X2 of X containing X1, some complemented finite-dimensional
subspace H of λ with projection PH :λ → H such that ‖PH ‖  b for some b > 0, and
an isomorphism V :X2 → H such that X1 ⊂ X2 and ‖V ‖‖V −1‖  a for some positive
real constant a. Let IX1 :X1 → X2 be the inclusion map. To simplify notation we denote
R :M1 → H such that R := V IX1T|M1 . Let K2 :X′′′ → X′2 = X′′′/X◦2 be the canonical
quotient map. Then
n∑
i=1
〈
T
(
A(fi)
)
, x ′i
〉= n∑
i=1
〈
IX1T
(
A(fi)
)
,K2(x
′
i )
〉
(it should be noted that the later equality is the key of the method and what makes necessary
the strong notion of quasi-Lλ space)
=
n∑
i=1
〈
V−1V IX1T
(
A(fi)
)
,K2(x
′
i )
〉
=
n∑
i=1
〈
RA(fi), (V
−1)′K2(x ′i )
〉
=
〈
R,
n∑
i=1
A(fi)⊗ (V−1)′K2(x ′i )
〉
with
∑n
i=1 A(fi)⊗ (V−1)′K2(x ′i ) ∈ M1 ⊗H ′.
As λ is an Lλ space, H is contained in some r-dimensional subspace W of λ such that
d(W,Sr(λ)) < 1 + ε. We denote IH the inclusion of H in W and by C :W → Sr (λ) an
isomorphism such that ‖C‖‖C−1‖ 1 + ε.
Since M1 is a reflexive abstract M-space it is lattice isometric to some L∞(µ) space.
As the map
CIHR :M1 → Sr(λ)
is order bounded, from Corollary 10 this map is λ-integral with Iλ(CIHR)  ‖C‖‖R‖ 
‖C‖‖V ‖‖T ‖. But
R = (PH )|WC−1CIHR,
hence R is again λ-integral with
Iλ(R) ‖PH ‖‖C−1‖‖C‖‖V ‖‖T ‖ (1 + ε)b‖V ‖‖T ‖.
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n∑
i=1
〈
T
(
A(fi)
)
, x ′i
〉∣∣∣∣∣=
∣∣∣∣∣
〈
R,
n∑
i=1
A(fi)⊗ (V−1)′K2(x ′i )
〉∣∣∣∣∣
 Iλ(R)g′λ
(
n∑
i=1
A(fi)⊗ (V−1)′K2(x ′i );M1 ⊗ H ′
)
 (1 + ε)b‖V ‖‖T ‖g′λ
((
A⊗ (V−1)′K2
)
(z);M1 ⊗H ′
)
 (1 + ε)b‖V ‖‖T ‖‖A‖∥∥(V −1)′∥∥‖K2‖g′λ(z;M ⊗ N)
 (1 + ε)2ab‖T ‖g′λ(z;M ⊗N)
 (1 + ε)2ab‖T ‖(g′λ(z;G⊗ X′)+ ε)
and by the arbitrariness of ε > 0 we obtain∣∣〈JXT , z〉∣∣ ab‖T ‖g′λ(z;G⊗X′). 
Corollary 13. Let λ be a regular Banach sequence space, G an abstract M-space, and
X a complemented subspace of a quasi-Lλ space or a quasi-L1[λ] space. Then every
operator T :G → X is λ-integral and there is a constant K > 0 such that Iλ(T )K‖T ‖.
Concerning necessary conditions for an operator be λ-integral we find
Theorem 14. For every pair of Banach spaces E,F and a Banach sequence space λ, if
T ∈ Iλ(E,F ) then JF T factors in the following way:
L∞(µ)
E
A


B
X

F ′′
C

JF T
where X is some ultrapower (1[λr ])U1 of 1[λr ] and B is a lattice homomorphism. More-
over Iλ(T ) inf‖C‖‖B‖‖A‖ taking it over all such factors.
Proof. We define the set
D := {(M,N): M ∈ FIN(E), N ∈ FIN(F ′)},
where FIN(Y ) is the set of finite-dimensional subspaces of a Banach space Y , endowed
with the natural inclusion order
(M1,N1) (M2,N2) ⇔ M1 ⊂ M2, N1 ⊂ N2.
For every (M0,N0) ∈ D, put R(M0,N0) := {(M,N) ∈ D: (M0,N0) ⊂ (M,N)} and R=
{R(M,N), (M,N) ∈ D}. R is filter basis in D, and according to Zorn’s lemma, let D
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subspaces of E and F ′, respectively, so that d = (Md,Nd). For every d ∈ D, if z ∈ Md ⊗
Nd , JF T|Md⊗Nd ∈ (Md ⊗g′λ Nd)′ = M ′d ⊗gλ N ′d =Nλ(Md,N ′d ). Then from Theorem 2 of
characterization of λ-nuclear operators, JF T|Md⊗Nd factors as
∞[∞]
Md
Ad


Bd
1[λr ]

N ′d
Cd

JF T|Md⊗Nd
where Bd is a positive diagonal operator and ‖Ad‖‖Bd‖‖Cd‖  Ncλ(T|Md⊗Nd ) + ε =
Iλ(T|Md⊗Nd ) + ε. Then
‖Ad‖‖Bd‖‖Cd‖ Iλ(T|Md⊗Nd )+ ε  Iλ(T )+ ε.
Without loss of generality we can suppose that ‖Ad‖ = ‖Cd‖ = 1. We define WE :E →
(Md)D such that WE(x) = (xd)D so that xd = x if x ∈ Md and xd = 0 if x /∈ Md . In the
same way we define WF ′ :F ′ → (Nd)D such that WF ′(a) = (ad)D so that ad = a if a ∈ Nd
and ad = 0 if a /∈ Nd . Then we have the following commutative diagram:
(Md)D
E
WE


(JFT|Md⊗Nd )D
((Nd)D)′(N ′d )D 
I

F ′′
W ′
F ′

JF T
(∞[∞])D (1[λr ])D
(Ad)D (Cd)D
(Bd)D



where I is the canonical inclusion map. As from [10] ((1[λr ])D)′′ is a 1-complemented
subspace of some ultrapower ((1[λr ])D)U which from [14] is another ultrapower
(1[λr ])U1 with projection Q, the result follows with A = (Ad)D , B = ((Bd)D)′′ which is
a lattice homomorphism, C = PF ′′′′ (W ′F ′I (Cd )D)′′Q, where PF ′′′′ is the projection of F ′′′′
in F ′′, and X = (1[λ])U1 , having in mind that as (∞[∞])D is an abstract M-space, there
is a measure space such that L∞(µ) = ((∞[∞])D)′′, where the equality means that the
spaces are lattice isometric. 
Theorem 15. Let λ be a Banach sequence space with the uniform projection property and
let E and F be Banach spaces. The following statements are equivalent:
(1) T ∈ Iλ(E,F ).
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L∞(µ)
E
A


B
X

F ′′
C

JF T
where X is a quasi-L1[λr ] space. Furthermore the norm Iλ(T ) is equivalent to
inf{‖D‖‖B‖‖A‖}, taking it over all such factors.
(3) JF T factors continuously in the following way:
L∞(µ)
E
A


B
X

F ′′
C

JF T
where X is a quasi-L1[λr ] lattice and B is a lattice homomorphism. Furthermore
Iλ(T ) is equivalent to inf{‖D‖‖B‖‖A‖}, taking it over all such factors.
Proof. It follows easily from Theorems 14 and 12 and Proposition 8. 
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